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FAMILIES OF CURVES OVER ANY FINITE FIELD
WITH A CLASS NUMBER GREATER THAN THE
LACHAUD - MARTIN-DESCHAMPS BOUNDS
STÉPHANE BALLET AND ROBERT ROLLAND
Abstrat. We study and expliitly onstrut some families of
asymptotially exat sequenes of algebrai funtion elds. It turns
out that these families have an asymptotial lass number widely
greater than the general Lahaud - Martin-Deshamps bounds. We
emphasize that we obtain asymptotially exat sequenes of alge-
brai funtion elds over any nite eld Fq, in partiular when q
is not a square and that these sequenes are dense towers.
1. Introdution
The algebrai properties of algebrai funtion elds dened over a
nite eld is somehow reeted by their numerial properties, namely
their numerial invariants suh as the number of plaes of degree one
over a given ground eld extension, the number of lasses of its Piard
group, the number of eetive divisors of a given degree and so on.
When, for a given nite ground eld, the sequene of the genus of a
sequene of algebrai funtion elds tends to innity, there exist as-
ymptoti formulae for dierent numerial invariants. In [10℄, Tsfasman
generalizes some results on the number of rational points on the urves
(due to Drinfeld-Vladut [13℄, and Serre [8℄) and on its Jaobian (due to
Vladut [12℄, Rosemblum and Tsfasman [7℄). He gives a formula for the
asymptoti number of divisors, and some estimates for the number of
points in the Poinaré ltration. In this aim, he introdued the notion
of asymptotially exat family of urves dened over a nite eld. Let
us reall this notion in the language of algebrai funtion elds.
Denition 1.1. Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai
funtion elds Fk/Fq dened over Fq of genus gk = g(Fk/Fq). We
suppose that the sequene of the genus gk is an inreasing sequene
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growing to innity. The sequene F/Fq is said to be asymptotially
exat if for all m ≥ 1 the following limit exists:
βm(F/Fq) = lim
k→+∞
Bm(Fk/Fq)
gk
where Bm(Fk/Fq) is the number of plaes of degree m on Fk/Fq.
The sequene (β1, β2, ...., βm, ...) is alled the type of the aymptotially
exat sequene F/Fq.
Tsfasman and Vladut in [11℄ made use of this notion to obtain new
general results on the asymptoti properties of zeta funtions of urves.
Note that a simple diagonal argument proves that eah sequene of
algebrai funtion elds of growing genus, dened over a nite eld
admits an asymptotially exat subsequene. Unfortunately, this ex-
tration method is not really suitable for the two following reasons.
Firstly, in general we do not obtain by this proess an expliit asymp-
totially exat sequene of algebrai funtion elds dened over an ar-
bitrary nite eld, in partiular when q is not a square. Seondely, the
extrated sequene is not a suiently dense asymptotially exat se-
quene of algebrai funtion elds dened over an arbitrary nite eld,
namely with a ontrol on the growing of the genus. Let us dene the
notion of density of a family of algebrai funtion elds dened over a
nite eld of growing genus:
Denition 1.2. Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai
funtion elds Fk/Fq of genus gk = g(Fk/Fq), dened over Fq. We
suppose that the sequene of genus gk is an inreasing sequene growing
to innity. Then, the density of the sequene F/Fq is
d(F/Fq) = lim inf
k→+∞
gk
gk+1
.
A high density an be a useful property in some appliations of se-
quenes or towers of funtion elds. Until now, no expliit examples
of dense asymptotially exat sequenes F/Fq have been pointed out
unless for the ase q square and type (
√
q − 1, 0, · · · ).
In setion 2, we show that we an onstrut general families, of
asymptotially exat sequenes of algebrai funtion elds dened over
an arbitrary nite eld Fq of type (0, ...,
1
r
(q
r
2 − 1), 0, ..., 0, ...) where
r is an integer ≥ 1. In this aim, we prove the main theorem 2.2 on
sequenes of algebrai funtion elds suh that βr(F/Fq) = 1r (q − 1).
We study for these general families the behaviour of the lass number
hk, and we ompare our estimation to the general known bounds of
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Lahaud - Martin-Deshamps. We also study the number of eetive
divisors.
Next, in setion 3, we onstrut expliit examples of very dense
asymptotially exat sequenes dened over an arbitrary nite eld
Fq. For this purpose we use towers of algebrai funtion elds having
for onstant eld extension of a given degree r the densied towers
of Garia-Stihtenoth (f. [5℄ and [1℄). In partiular, we onstrut an
asymptotially exat tower of algebrai funtion elds dened over F2
with a maximal density . This tower has an interesting appliation in
the theory of algebrai omplexity [4℄.
2. General results
2.1. New families of asymptotially exat sequenes. First, let
us reall ertain asymptoti results. Let us rst give the following result
obtained by Tsfasman in [10℄:
Proposition 2.1. Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai
funtion elds of inreasing genus gk growing to innity. Let f be a
funtion from N to N suh that f(gk) = o(log(gk)). Then
(1) lim sup
gk→+∞
1
gk
f(gk)∑
m=1
mBm(Fk)
qm/2 − 1 ≤ 1.
Using this proposition we an obtain the following main theorem:
Theorem 2.2. Let r be an integer ≥ 1 and F/Fq = (Fk/Fq)k≥1 be a
sequene of algebrai funtion elds of inreasing genus dened over Fq
suh that βr(F/Fq) = 1r (q
r
2 − 1). Then βm(F/Fq) = 0 for any integer
m 6= r. In partiular, the sequene F/Fq is asymptotially exat.
Proof. Let us x m 6= r and let us prove that βm(F/Fq) = 0. We
use Proposition 2.1 with the onstant funtion f(g) = s = max(m, r).
Then we get
lim sup
k→+∞
1
gk
s∑
j=1
jBj(Fk)
qj − 1 ≤ 1.
But by hypothesis
lim sup
k→+∞
rBr(Fk)
gk(q
r
2 − 1) = limk→+∞
rBr(Fk)
gk(q
r
2 − 1) = 1.
Then
lim sup
gk→+∞
1
gk
∑
1≤j≤s;j 6=r
jBj(Fk)
qj − 1 = limgk→+∞
1
gk
∑
1≤j≤s;j 6=r
jBj(Fk)
qj − 1 = 0.
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But
Bm(Fk)
gk
≤ (q
m − 1)
m
(
1
gk
∑
1≤j≤s;j 6=r
jBj(Fk)
qj − 1
)
.
Hene
lim
gk→+∞
Bm(Fk)
gk
= 0.

Note that for any k the following holds:
B1(Fk/Fqr) =
∑
i|r
iBi(Fk/Fq).
Then if βr(F/Fq) = 1r (q
r
2 − 1), by Theorem 2.2 we onlude that
β1(F/Fqr) exists and that
β1(F/Fqr) = (q r2 − 1).
In partiular the sequene F/Fqr reahes the Drinfeld-Vladut bound
and onsequently qr is a square.
If β1(F/Fqr) exists then it does not neessarly imply that βr(F/Fq)
exists but only that limk→+∞
P
m|r mBm(Fk/Fq)
gk
exists. In fat, this on-
verse depends on the dening equations of the algebrai funtion elds
Fk/Fq.
Now, let us give a simple onsequene of Theorem 2.2.
Proposition 2.3. Let r and i be integers ≥ 1 suh that i divides r.
Suppose that F/Fq = (Fk/Fq)k≥1 is an asymptotially exat sequene
of algebrai funtion elds dened over Fq of type (β1 = 0, . . . , βr−1 =
0, βr =
1
r
(q
r
2−1), βr+1 = 0, . . .). Then the sequene F/Fqi = (Fk/Fqi)k≥1
of algebrai funtion eld dened over Fqi is asymptotially exat of type
(β1 = 0, .., β r
i
−1 = 0, β r
i
= i
r
(q
r
2 − 1), β r
i
+1 = 0, . . .).
Proof. Let us remark that by [9, Lemma V.1.9, p. 163℄, if P is a plae
of degree r′ of F/Fq, there are gcd((r
′, i)) plaes of degree r
′
gcd(r′,i)
over
P in the extension F/Fqi. As we are interested by the plaes of degree
r/i in F/Fqi, let us introdue the set
S = {r′; r gcd(r′, i) = i r′} = {r′; lcm (r′, i) = r}.
Then,
Br/i(F/Fqi) =
∑
r′∈S
ir′
r
Br′(F/Fq).
We know that all the βj(F/Fq) = 0 but βr(F/Fq) =
1
r
(q
r
2 − 1). Then
βr/i(F/Fqi) = iβr(F/Fq),
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βr/i(F/Fqi) =
i
r
(
q
r
2 − 1) .

2.2. Number of points of the Jaobian. Now, we are interested by
the Jaobian ardinality of the asymptotially exat sequenes F/Fq =
(Fk/Fq)k≥1 of type (0, .., 0,
1
r
(q
r
2 − 1), 0, ..., 0).
Let us denote by hk = hk(Fk/Fq) the lass number of the algebrai
funtion eld Fk/Fq. Let us onsider the following quantities intro-
dued by Tsfasman in [10℄:
Hinf = Hinf(F/Fq) = lim inf
k→+∞
1
gk
log hk
Hsup = Hsup(F/Fq) = lim sup
k→+∞
1
gk
log hk
If they oinides, we just write:
H = H(F/Fq) = lim
k→+∞
1
gk
log hk = Hinf = Hsup.
Then under the assumptions of the previous setion, we obtain the
following result on the sequene of lass numbers of these families of
algebrai funtion elds:
Theorem 2.4. Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai fun-
tion elds of inreasing genus dened over Fq suh that βr(F/Fq) =
1
r
(q
r
2 − 1) where r is an integer. Then, the limit H exists and we have:
H = H(F/Fq) = lim
k→+∞
1
gk
log hk = log
qq
r
2
(qr − 1) 1r (q
r
2−1)
.
Proof. By Corollary 1 in [10℄, we know that for any asymptotially
exat family of algebrai funtion elds dened over Fq, the limit H
exists and H = limk→+∞
1
gk
log hk = log q+
∑∞
m=1 βm. log
qm
qm−1
. Hene,
the result follows from Theorem 2.2. 
Corollary 2.5. Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai
funtion elds of inreasing genus dened over Fq suh that βr(F/Fq) =
1
r
(q
r
2 − 1) where r is an integer. Then there exists an integer k0 suh
that for any integer k ≥ k0,
hk > q
gk
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Proof. By Theorem 2.4, we have limk→+∞(hk)
1
gk = q
q
r
2
(qr−1)
1
r (q
r
2 −1)
. But
qq
r
2
(qr − 1) 1r (q
r
2−1)
>
qq
r
2
(qr)
1
r
(q
r
2−1)
= q.
Hene, for a suiently large k0, we have for k ≥ k0 the following
inequality
(hk)
1
gk > q.

Let us ompare this estimation of hk to the general lower bounds
given by G. Lahaud and M. Martin-Deshamps in [6℄.
Theorem 2.6 (Lahaud - Martin-Deshamps bounds). Let X be a
projetive irreduible and non-singular algebrai urve dened over the
nite eld Fq of genus g. Let JX be the jaobian of X and h the lass
number h = |JX(Fq)|. Then
(1) h ≥ L1 = qg−1 (q−1)
2
(q+1)(g+1)
,
(2) h ≥ L2 =
(√
q − 1)2 gg−1−1
g
|X(Fq)|+q−1
q−1
,,
(3) if g >
√
q/2 and if B1(X/Fq) ≥ 1, then the following holds:
h ≥ L3 = (qg − 1) q−1q+g+gq .
Then we an prove that for a family of algebrai funtion elds sat-
isfying the onditions of Corollary 2.5, the lass numbers hk greatly
exeeds the bounds Li. More preisely
Proposition 2.7. Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai
funtion elds of inreasing genus dened over Fq suh that βr(F/Fq) =
1
r
(q
r
2 − 1) where r is an integer. Then
(1) for i = 1, 3
limk→+∞
hk
Li
= +∞,
(2) for i = 2 the following holds:
(a) if r>1 then
limk→+∞
hk
L2
= +∞,
(b) if r=1 then
hk
L2
≥ 2,
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Proof. (1) ase i = 1: the following holds
L1 = q
gk−1
(q − 1)2
(q + 1)(gk + 1)
= qgk
(q − 1)2
q(q + 1)(gk + 1)
<
qgk
(gk + 1)
,
so, using the previous orollary 2.5, we onlude that for k large
hk
L1
> gk
and onsequently
lim
k→+∞
hk
L1
= +∞;
(2) ase i = 2:
(a) ase r = 1: in this ase, we just bound the number of
rational points by the Weil bound. More preisely
L2 = (q + 1− 2√q) q
gk−1 − 1
gk
B1(Fk/Fq) + q − 1
q − 1 ≤
(q + 1− 2√q) q
gk−1 − 1
gk
2q + 2gk
√
q
q − 1 <
2
q + 1− 2√q
(q − 1)√q q
gk
(
1 +
√
q
gk
)
;
but for all q ≥ 2
2
q + 1− 2√q
(q − 1)√q < 0.4,
then
L2 < 0.4
(
1 +
√
q
gk
)
qgk ,
hene
hk
L2
> 2.5
gk
gk +
√
q
whih gives the resul;
(b) ase r > 1: in this ase we know that
lim
k→+∞
B1(Fk/Fq)
gk
= β1(F/Fq) = 0.
But
L2 <
q + 1− 2√q
(q − 1)q q
gk
B1(Fk/Fq) + q − 1
gk
.
Then
hk
L2
>
(q − 1)q
q + 1− 2√q
gk
B1(Fk/Fq) + q − 1 .
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We know that
lim
k→+∞
gk
B1(Fk/Fq) + q − 1 = +∞,
then
lim
k→+∞
hk
L2
= +∞.
(3) ase i = 3:
L3 = (q
g − 1) q − 1
q + g + gq
<
qgk
gk
,
then for k large
hk
L3
> gk
and onsequently
lim
k→+∞
hk
L1
= +∞.

As we see, if F/Fq = (Fk/Fq)k≥1 satises the assumptions of Theo-
rem 2.4, we have hk > q
gk > qgk−1 (q−1)
2
(q+1)gk
for k ≥ k0 suiently large.
In fat, the value k0 depends at least on the values of r and q and we
an not know anything about this value in the general ase.
2.3. Number of eetive divisors. We onsider now the problem of
the determination of the zeta-funtion. It is known that to determinate
the zeta-funtion of an algebrai funtion eld of genus g dened over
a nite eld, we just have to study the number Ai of eetive divisors
of degree i for i = 0, ..., g − 1. Let us study the asymptoti situation.
In this aim, we onsider the following asymptoti values dened by
Tsfasman in [10℄, where Aµgk denotes the number Ai where i the nearest
integer from µgk:
∆(µ)inf (F/Fq) = lim inf
k→+∞
1
gk
logAµgk
∆(µ)sup(F/Fq) = lim sup
k→+∞
1
gk
logAµgk
If they oinides, we just write:
∆(µ)(F/Fq) = lim
k→+∞
1
gk
logAµgk = ∆(µ)inf = ∆(µ)sup.
Then, we obtain the following result whih gives exponential es-
timates of the number of eetive divisors in the partiular ase of
asymptially exat sequenes dened previously.
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Theorem 2.8. Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai fun-
tion elds of inreasing genus dened over Fq suh that βr(F/Fq) =
1
r
(q
r
2 − 1) where r is an integer. Then, the limit ∆(µ) exists. More-
over, if we set:
µ0 =
q
r
2 − 1
qr − 1
then for µ ≥ µ0, we have:
∆(µ)(F/Fq) = log q
µ+q
r
2−1
qr − 1 = H − (1− µ) log q
and for 0 ≤ µ ≤ µ0,
∆(µ)(F/Fq) = log
µ
(
q
r
2−1
µ
+ 1
) 1
r
(µ+q
r
2−1)
q
r
2 − 1 .
More preisely, we have:
lim
k→+∞
A
1
gk
µgk =
(q r2 − 1
µ
+ 1
)µ
r
(
1− (q r2 − 1
µ
+ 1
)−1)− (q r2 −1)
r
)
.
Proof. It is suient to apply Theorem 6 in [10℄ or Proposition 4.1 in
[11℄ with the tower F/Fq = (Fk/Fq)k≥1. Then, for the last quantity,
we diretly apply Theorem 4.1 in [11℄ with this same tower F/Fq. 
3. Examples of asymptotially exat towers
Let us note Fq2 a nite eld with q = p
r
and r an integer.
3.1. Sequenes F/Fq with β2(F/Fq) = 12(q − 1). We onsider the
Garia-Stihtenoth's tower T0 over Fq2 onstruted in [5℄. Reall that
this tower is dened reursively in the following way. We set F1 =
Fq2(x1) the rational funtion eld over Fq2 , and for i ≥ 1 we dene
Fi+1 = Fi(zi+1),
where zi+1 satises the equation
zqi+1 + zi+1 = x
q+1
i ,
with
xi =
zi
xi−1
for i ≥ 2.
We onsider the ompleted Garia-Stihtenoth's tower T1 over Fq2
studied in [2℄ obtained from T0 by adjontion of intermediate steps.
Namely we have
T1 : F1,0 ⊂ · · · ⊂ Fi,0 ⊂ Fi,1 ⊂ · · · ⊂ Fi,s ⊂ · · · ⊂ Fi,n−1 ⊂ Fi+1,0 ⊂ · · ·
10 STÉPHANE BALLET AND ROBERT ROLLAND
where the steps Fi,0 are the steps Fi of the Garia-Stihtenoth's tower
and where Fi,s (1 ≤ s ≤ n− 1) are the intermediate steps.
Let us denote by gk the genus of Fk in T0, by gk,s the genus of Fk,s
in T1 and by B1(Fk,s) the number of plaes of degree one of Fk,s in T1.
Reall that eah extension Fk,s/Fk is Galois of degree p
s
wih full
onstant eld Fq2 . Moreover, we know by [3℄ that the desent of the
denition eld of the tower T1 from Fq2 to Fq is possible. More preisely,
there exists a tower T2 dened over Fq given by a sequene:
T2 : G1,0 ⊂ · · · ⊂ Gi,0 ⊂ Gi,1 ⊂ · · · ⊂ Gi,s ⊂ · · · ⊂ Gi,n−1 ⊂ Gi+1,0 ⊂ · · ·
dened over the onstant ed Fq and related to the tower T1 by
Fk,s = Fq2Gk,s for all k and s,
namely Fk,s/Fq2 is the onstant eld extension of Gk,s/Fq. Let us prove
a proposition establishing that the tower T2/Fq is asymptotially exat
with good density.
Proposition 3.1. Let q = pr. For any integer k ≥ 1, for any integer
s suh that s = 0, 1, ..., r, the algebrai funtion eld Gk,s/Fp in the
tower T2 has a genus g(Gk,s) = gk,s with B1(Gk,s) plaes of degree one,
B2(Gk,s) plaes of degree two suh that:
(1) Gk ⊆ Gk,s ⊆ Gk+1 with Gk,0 = Gk and Gk+1,0 = Gk+1.
(2) g(Gk,s) ≤ g(Gk+1)pr−s + 1 with g(Gk+1) = gk+1 ≤ qk+1 + qk .
(3) B1(Gk,s) + 2B2(Gk,s) ≥ (q2 − 1)qk−1ps.
(4) β2(T2/Fq) = limgk,s→+∞
B2(Gk,s/Fq)
gk
= 1
2
(q − 1).
(5) d(T2/Fq) = liml→+∞
g(Gl)
g(Gl+1)
= 1
p
where g(Gl) and g(Gl+1) denote
the genus of two onseutive algebrai funtion elds in T2.
Proof. The property 1) follows diretly from Theorem 4.3 in [3℄. More-
over, by Theorem 2.2 in [2℄, we have g(Fk,s) ≤ g(Fk+1)pr−s +1 with g(Fk+1) =
gk+1 ≤ qk+1+qk . Then, as the algebrai funtion eld Fk,s is a onstant
eld extension of Gk,s, for any integer k and s the algebrai funtion
elds Fk,s and Gk,s have the same genus. So, the inequality satis-
ed by the genus g(Fk,s) is also true for the genus g(Gk,s). Moreover,
the number of plaes of degree one B1(Fk,s/Fq2) of Fk,s/Fq2 is suh
that B1(Fk,s/Fq2) ≥ (q2 − 1)qk−1ps. Then, as the algebrai funtion
eld Fk,s is a onstant eld extension of Gk,s of degree 2, it is lear
that for any integer k and s, we have B1(Gk,s/Fp) + 2B2(Gk,s/Fp) ≥
(q2 − 1)qk−1ps. Moreover, we know that for any integer k ≥ 1, the
number of plaes of degree one B1(Gk,s/Fq) of Gk,s/Fq orresponds at
most to the number of plaes of degree one B1(Fk,s/Fq2) of Fk,s/Fq2
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whih are totally ramied in the tower T1 by [5℄. Hene, for any in-
teger k and s, we have B1(Gk,s/Fq) ≤ q + 1 and so β1(T2/Fq) = 0.
Moreover, B1(Gk,s/Fq) + 2B2(Gk,s/Fp) = B1(Fk,s/Fq2) and as by [5℄,
β1(T1/Fq2) = A(q
2), we have β2(T2/Fp) =
1
2
(q − 1).

3.2. Sequenes F/Fq with β4(F/Fq) = 14(q2 − 1).
3.2.1. The desent on the denition eld Fp of a Garia-Stihtenoth
tower dened over Fq2. Now, we are interested in searhing the desent
of the denition eld of the tower T1 from Fq2 to Fp if it is possible.
In fat, we an not establish a general result but we an prove that it
is possible in the ase of arateristi 2 whih is given by the following
result.
Proposition 3.2. Let p = 2. If q = p2, the desent of the denition
eld of the tower T1 from Fq2 to Fp is possible. More preisely, there
exists a tower T3 dened over Fp given by a sequene:
T3 = H1,0 ⊆ H1,1 ⊆ H2,0 ⊆ H2,1 ⊆ ...
dened over the onstant ed Fp and related to the towers T1 and T2 by
Fk,s = Fq2Hk,s for all k and s = 0, 1,
Gk,s = FqHk,s for all k and s = 0, 1,
namely Fk,s/Fq2 is the onstant eld extension of Gk,s/Fq and Hk,s/Fq
and Gk,s/Fq is the onstant eld extension of Hk,s/Fp.
Proof. Let x1 be a transendent element over F2 and let us set
H1 = F2(x1), G1 = F4(x1), F1 = F16(x1).
We dene reursively for k ≥ 1
(1) zk+1 suh that z
4
k+1 + zk+1 = x
5
k,
(2) tk+1 suh that t
2
k+1 + tk+1 = x
5
k
(or alternatively tk+1 = zk+1(zk+1 + 1)),
(3) xk = zk/xk−1 if k > 1 (x1 is yet dened),
(4) Hk,1 = Hk,0(tk+1) = Hk(tk+1), Hk+1,0 = Hk+1 = Hk(zk+1),
Gk,1 = Gk,0(tk+1) = Gk(tk+1), Gk+1,0 = Gk+1 = Gk(zk+1),
Fk,1 = Fk,0(tk+1) = Fk(tk+1), Fk+1,0 = Fk+1 = Fk(zk+1).
By [3℄, the tower T1 = (Fk,i)k≥1,i=0,1 is the densied Garia-Stihtenoth's
tower over F16 and the two other towers T2 and T3 are respetively the
desent of T1 over F4 and over F2. 
12 STÉPHANE BALLET AND ROBERT ROLLAND
Proposition 3.3. Let q = p2 = 4. For any integer k ≥ 1, for any
integer s suh that s = 0, 1, 2, the algebrai funtion eld Hk,s/Fp in
the tower T3 has a genus g(Hk,s) = gk,s with B1(Hk,s) plaes of degree
one, B2(Hk,s) plaes of degree two and B4(Hk,s) plaes of degree 4 suh
that:
(1) Hk ⊆ Hk,s ⊆ Hk+1 with Hk,0 = Hk.
(2) g(Hk,s) ≤ g(Hk+1)pr−s + 1 with g(Hk+1) = gk+1 ≤ qk+1 + qk .
(3) B1(Hk,s) + 2B2(Hk,s) + 4B4(Hk,s) ≥ (q2 − 1)qk−1ps.
(4) β4(T3/Fp) = limgk,s→+∞
B4(Hk,s/Fp)
gk
= 1
4
(p2 − 1).
(5) d(T3/Fp) = liml→+∞
g(Hl)
g(Hl+1)
= 1
2
where g(Hl) and g(Hl+1) de-
note the genus of two onseutive algebrai funtion elds in
T3.
Proof. The property 1) follows diretly from Proposition 3.2. Moreover,
by Theorem 2.2 in [2℄, we have g(Fk,s) ≤ g(Fk+1)pr−s + 1 with g(Fk+1) =
gk+1 ≤ qk+1+qk . Then, as the algebrai funtion eld Fk,s is a onstant
eld extension of Hk,s, for any integer k and s the algebrai funtion
elds Fk,s and Hk,s have the same genus. So, the inequality satised
by the genus g(Fk,s) is also true for the genus g(Hk,s). Moreover, the
number of plaes of degree one B1(Fk,s/Fq2) of Fk,s/Fq2 is suh that
B1(Fk,s/Fq2) ≥ (q2−1)qk−1ps. Then, as the algebrai funtion eld Fk,s
is a onstant eld extension of Hk,s of degree 4, it is lear that for any
integer k and s, we have B1(Hk,s/Fp)+2B2(Hk,s/Fp)+4B4(Hk,s/Fp) ≥
(q2−1)qk−1ps. Moreover, we know that for any integer k ≥ 1, the num-
ber of plaes of degree one B1(Gk,s/Fq) of Gk,s/Fq orresponds at most
to the number of plaes of degree one B1(Fk,s/Fq2) of Fk,s/Fq2 whih
are totally ramied in the tower T1 by [5℄. Hene, for any integer k
and s, we have B1(Gk,s/Fq) ≤ q + 1 and so β1(T2/Fq) = 0. Then, as
the algebrai funtion eld Gk,s is a onstant eld extension of Hk,s of
degree 2, it is lear that for any integer k and s, we have B1(Hk,s/Fp)+
2B2(Hk,s/Fp) ≤ B1(Gk,s/Fq) and so β1(T3/Fp) = β2(T3/Fp) = 0. More-
over, B1(Hk,s/Fp) + 2B2(Hk,s/Fp) + 4B4(Hk,s/Fp) = B1(Fk,s/Fq2) and
as by [5℄, β1(T1/Fq2) = A(q
2), we have β4(T3/Fp) = A(p
4) = p2 − 1.

Corollary 3.4. Let T3/F2 = (Hk,s/F2)k∈N,s=0,1,2 be the tower dened
above. Then the tower T3/F2 is an asymptotially exat sequene of
algebrai funtion elds dened over F2 with a maximal density (for a
tower).
Proof. It follows from (4) of Proposition 3.1. 
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